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Plates and shells have the property that one of their dimensions (thickness) is significantly less 
than the tangential dimensions. This property allows moving to dimensionless forms of the 
equilibrium (movement) and state equations (deformations-stresses, connections) of the elasticity 
theory, introduce a small geometric parameter and apply the expansion method with respect to this 
small parameter. Yet, it turned out that the obtained new system is singularly perturbed with respect 
to the small parameter and it is impossible to apply the classical expansion method with respect to 
the small parameter. Here each unknown quantity has got its order with respect to the small 
parameter. These orders strongly depend on the nature of the boundary-value problem under 
consideration and the determination of their mutually not contradicting values is one of the most 
difficult problems of the method, which has been overcome in the best way in monograph [1]. 

Taking as a basis the geological structure (layer thicknesses, Young and shear modules, Poisson's 
ratio, density, thermal expansion coefficient) of the corresponding area of the net of inclinometers 
3D dynamic problems for layered shells will be solved. By monitoring the change in the stress-
strain state of the layered shell over time, according to the measuring equipment readings, there 
will be moments before earthquake when the strength of the contact surface between some layers 
of the slab will be violated, resulting in a rupture and the contact will become incomplete [2]. 

3D dynamic problems for three-layered orthotropic elastic shells are considered, with free upper 
face and prescribed displacements between the first and second layers the conditions of ideal 
contact and between the second and third layers assumed in incomplete contact. A long-wave 
asymptotic solution has been constructed, and the thickness resonances have been determined. The 
obtained results may find further applications in the evaluation of parameters of earthquakes.  
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With respect to the demands of lightweight structural engineering classical structural materials are 
more and more substituted by fibre and particle reinforced materials in advanced, but also in 
ordinary structures. The aim of lightweight structural engineering is to save raw materials, costs 
and energy in the manufacture, use and recycling of a product. Especially with moving masses 
(road and rail vehicles, elevators, robot arms, machine components, etc.), lightweight structures 
can reduce operating costs or increase the payload. 

Laminate and sandwich structures are typical lightweight elements with rapidly expanding 
application in various industrial fields. In the past, these structures were used primarily in aircraft 
and aerospace industries. Now, they have also found application in civil and mechanical 
engineering, in the automotive industry, in shipbuilding, the sport goods industries, etc. The main 
directions in modelling laminate and sandwich structures are discussed, for example, in [1]. 

Recently, polymers reinforced with short glass fibers (with a length of 0.1-1 mm, a diameter that, 
as a rule, does not exceed one tenth of their length, and a volume content of fibers of 15-45%) 
have been widely used in many fields of modern engineering. A great quantity of thin-walled 
structural elements operating under loads are manufactured by injection molding. Some elements 
of modelling these materials are discussed in [2]. 

For sufficiently high loading every material suffers some sort of gradual or abrupt mechanical 
failure (damage or plastic collapse). Its specific form depends on the material internal atomistic,  
molecular and/or topological structure. Composite materials, by definition, involve at least two 
distinct materials (phases) which increases the number of various failure possibilities. Further 
complication related to failure of composite materials is associated with presence of interphases. 
The interphase properties depend on many factors, including the physical and chemical properties 
of the phases as well as on processes used in composite manufacturing. For example, in [3] models 
of these structures are discussed. 

In the paper a personal view of the author on these problems is given and advantages and 
disadvantages are presented. 
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Every physical phenomenon can be described via differential equations, but sometimes the 
problem addressed it is difficult to be solved by a classic analytical approach. This is the reason 
why many scientists have developed a wide range of methods to numerically solve differential 
equations; one of them is the Galerkin method. 

We are interested in extending the range of validity of the Galerkin method to a stepped structure, 
whose cross-section and material parameters are not constant along the whole structure. 

The aim of this study is to demonstrate that describing the discontinuities via generalized functions 
is the best way to implement the Galerkin method. Specifically, we investigate two cases of 
dynamic problem, i.e., free vibration and dynamic stability, namely the flutter; for both cases we 
compare two different implementations of the Galerkin method: (i) the straightforward 
implementation, well known in the literature, and (ii) the modified implementation: our proposal. 
The straightforward Galerkin method identifies the procedure employed to integrate the 
differential equation along each step; at the end of this procedure, all the partial results are summed. 
Conversely, the modified Galerkin method, after we have defined the differential problem via 
generalized functions (the Heaviside function and its derivatives), integrates the problem over the 
whole domain. 

The first section is dedicated to free vibration problems, while the second to the flutter problem. 
In the whole study, we investigate a uniform, simply-supported Euler-Bernoulli beam in three 
different material cases. The first and the second material cases are both homogeneous; more in 
detail, the first is characterized by elastic modulus and mass density greater than the second one. 
The third and final case is the stepped one: we subdivide the beam length in three equal portions 
following the pattern Strong-Weak-Strong material. We apply, then, both the straightforward and 
the modified Galerkin method and we compare the obtained results with the exact, analytical 
solution regarding the free vibration problem and with a finite element solution, coded by us, for 
the flutter section. 

To conclude, this study demonstrates that generalized functions are a valid tool to describe 
concentrated discontinuities; in fact, the modified Galerkin method reaches convergence by 
increasing the number of the terms in the Galerkin expansion, while the straightforward method 
tends to a wrong solution even if we increase the terms in the expansion. 
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Paper is devoted to calculation of the effective stationary and non-stationary heat conductivity for 
fibre composite materials. Various variants of lattices (square [1, 3], hexagonal [2, 4]) and 
inclusions (circle [1], square [3], curvilinear rhombic [2]) are under consideration. Different 
conditions of interphase contact including a thin interlayer at the boundary of matrix and inclusion 
are investigated [1, 2]. 

The multiscale asymptotic procedure is used, which separates the local and global BVP of the 
original problem. Original problem for multiply-connected domain is reduced to the sequence of 
boundary value problems in simply-connected domains. For non-stationary problem time variable 
excludes from the original boundary value problem using Laplace transform. 

It has been shown that for densely packed, high-contrast fiber composites, it is possible to obtain 
an analytical solution to the problem on a cell using lubrication approximation [5] and Padé 
approximants. 
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 Recently, it has been shown that besides initially curved micro-plates, pressurized flat ones 
can also experience bi-stable behavior that enjoys many potential applications in designing high 
sensitive MEMS sensors [1]. In the sequence of ref. [1], the present work aims to investigate free 
vibrations of pressurized electrically actuated thin micro-plates made of FGM. To this end, the 
geometric nonlinear in-plane and out-of-plane governing equations of motion are obtained using 
the Hamilton principle and reduced to an initial value problem associated with the first transversal 
eigenmode of the structure through a multi-term Galerkin projection method. Having the reduced 
equation of motion, the eigenvalue equation governing the free vibrations of the micro-plate 
around its equilibrium configuration is then obtained. Afterward, the oscillatory behavior of 
pressurized plate-type MEMS is studied. It has been observed that the fundamental frequency of 
the system suddenly drops to zero when the micro-plate faces the limit points in its equilibrium 
path. The present findings are compared and successfully validated by 3D FE simulations carried 
out in COMSOL Multiphysics commercial software for a Silicon-Copper graded micro-plate with 
dimensions as same as the case studied in ref. [1], the power-law index is set to 0.5n  , and the 
micro-plate is assumed to be subjected to 3kPa differential pressure in the opposite direction of 
the electrical attraction. 
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Organoids are prototypes of human organs derived from cultured human stem cells. They provide 
a reliable and accurate experimental model to study the physical mechanisms underlying the early 
developmental stages of human organs and in particular, the early morphogenesis of the cortex. 
Here, we propose a mathematical model to elucidate the role played by two mechanisms that have 
been experimentally proven to be crucial in shaping human brain organoids: the contraction of the 
inner core of the organoid and the micro-structural remodeling of its outer cortex. Our results show 
that both mechanisms are crucial for the final shape of the organoid and that perturbing those 
mechanisms can lead to pathological morphologies which are reminiscent of those associated with 
lissencephaly (smooth brain). 
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 Two-dimensional lattice materials made up of elastic rods, axially pre-loaded and subject 
to incremental deformation (involving normal and shear forces and bending moment) are treated 
with homogenization theory to find the equivalent prestressed elastic solid, as in [1,2]. This solid 
may be subject to loss of ellipticity (representing shear band formation) or to microinstabilities 
(only visible as a structural response of the lattice). It is shown [3] that the lattice would be ideal 
not only to theoretically analyze instabilities, but also to practically realize the porous architected 
materials which are preconized to yield extreme mechanical properties such as foldability, 
channelled response, and surface effects [4]. 
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This article deals with the dynamics of bilaminated plate with soft viscoelastic core. The study is 
based on the bi-torsor description of Highly Contrasted Stratified (HCS) plate derived by 
asymptotic approach [1]. The model accounts for the overall, and inner, shear forces and bending 
moments                                 and for the additional kinematic descriptor constituted by the internal 
sliding. The constitutive laws that relates linearly (i)       to the overall rotation vector α, (ii)       to 
the gradient of deflection        , and (iii)       to the sliding vector δ, are explicitly determined from 
the mechanical properties and the geometry of the layers. The equations governing the out-of-
plane behavior of the HCS plate loaded by normal surface force f reads [1] : 

     (1) 

This approach enables to derive exact analytical formulations that applies either for elastic plate 
or to plates with visco-elastic constituents provided that they are expressed in the Fourier domain. 
Due to the viscoelastic and thermo-sensible behavior of the core an energy loss occurs by viscous 
internal dissipation and the dynamic behavior is significantly influenced by the temperature. The 
paper addresses these two delicate issues by: 

- analyzing the feature of the three bending waves, with explicit determination of the damping, 

- establishing the analytical expression of the Green function of elastic and viscoelastic HCS plates, 

- performing a ”quasi”-exact modal analysis of viscoelastic HCS-plates, 

- quantifying the effect of temperature on the eigen modes, in terms of frequency and damping.  

These developments will be illustrated in the case of laminated glass with PolyVinylButiral inter-
layer, [2]. Finally, vibrational experiments performed on such glass plate at different temperatures 
will be shown to be in good agreement with the theoretical modeling. 
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 The paper will present simulation results for interaction of Rayleigh surface waves with 
the near-surface inclusions of complex shape. The effect of material constitutive model utilized 
for material representing inclusion will also be studied. It will be demonstrated that inclusion of 
additional geometric features supplementing standard rectangular barrier geometry can 
significantly affect interaction with oncoming Rayleigh waves and, hence can have a great impact 
on the barrier protective properties. The effect of material model utilized for the barrier material is 
also studied. It will be shown that accounting for plasticity by introduction of Coulomb-Mohr 
material constitutive model can significantly affect interaction with oncoming Rayleigh surface 
waves. The Coulomb-Mohr material model is applicable to simulate the behaviour of granular 
metamaterials that are planned to be utilized to fill the protective barriers. It is demonstrated that 
granular metamaterials have a potential for significant reduction of vibrations caused by oncoming 
Rayleigh waves, compared to materials with linear elastic behaviour. The results of the presented 
study can be utilized for design of optimal shape and material to be used for seismic protective 
barrier. 
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We study the homogenisation problem for elliptic operators of the form                            with high-
contrast random coefficients     . In particular, we are interested in the behaviour of their spectra. 
We assume that on one of the components of the composite the coefficients        are ”of order one”, 
the complimentary “soft” component consists of randomly distributed inclusions, whose size and 
spacing are of order             , and the values of        on the inclusions are of order     . 

Our interest in high-contrast homogenisation problems is motivated by the band-gap structure of 
their spectra. From a mathematically rigorous perspective, these were first analysed in [1], [2] in 
the periodic setting. 

Unlike the periodic high-contrast operators, whose spectra are described by similar multiscale 
arguments for a bounded domain and for the whole space, in the stochastic case the situation is 
fundamentally different. In the bounded domain setting our findings and the basic techniques are 
similar to those of the periodic case. In the whole space setting, however, the spectrum                      is, 
in general,  a proper subset of the Hausdorff limit  of             . In fact, the case when the spectrum 
of       occupies the whole positive half-line is not uncommon. This additional spectrum, which 
does not appear in the bounded-domain setting, is attributed to the stochastic nature of the problem. 
We provide a comprehensive analysis of the homogenised operator       and its spectrum, 
characterise the limit of             ,  and  study  the  relation  between                           and            
under some lenient assumptions on the regularity of the inclusions. 
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We analyse a system of partial differential equations describing the behaviour of an elastic plate 
with periodic moduli in the two planar directions, in the asymptotic regime when the period and 
the plate thickness are of the same order. Assuming that the displacement gradients of the points 
of the plate are small enough for the equations of linearised elasticity to be a suitable 
approximation of the material response, such as the case in e.g. acoustic wave propagation, we 
derive a class of “hybrid”, homogenisation dimension-reduction, norm-resolvent estimates for the 
plate, under different energy scalings with respect to the plate thickness. 
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We discuss the various approaches used to capture heterogeneity within a reservoir undergoing 
hydraulic fracturing treatment and their implications for modelling fracture propagation. In highly 
laminated reservoirs with soft and/or weak layers, capturing heterogeneity at an appropriate 
resolution is the key for successful prediction of fracture growth and other crucial treatment 
parameters [1,2]. 

Typically, when using computational methods such as the Finite Element Method, the well log and 
petrophysical data obtained from various measurements and observations are upscaled and/or 
“homogenized” to the element size. From all in-situ parameters, toughness is one of the most 
delicate physical parameters to handle, as the effectiveness of homogenization techniques utilized 
are questionable [3,4]. Compared to other types of fracture evolution, hydraulic fracturing is 
probably the most stable crack propagation process and thus, fortunately, some estimates can be 
provided. 

We estimate errors introduced by various strategies to incorporate heterogeneous fracture 
toughness into numerical modelling [5,6]. We restrict ourselves to periodic distributions and 
consider only the KGD model without leak-off, allowing us to easily handle different regimes 
(toughness/viscosity). For the simulations, we use an extremely effective (in house-built) time – 
space adaptive solver incorporating ideas reported in [7]. The solver is capable of computing rather 
arbitrary distribution(s) of the toughness. 

We propose and analyse the notion of an “effective” toughness and show that it is a process 
dependent variable. Comparisons with the average toughness over the domain are performed. 
Finally, we provide some recommendations on implementing the defined measure for numerically 
modelling hydraulic fracture.     
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Similarly to cracks, stress concentrations may arise at the tips of rigid line inclusions. These stress 
concentrations are analytically predicted [2] and experimentally [5] proven to be square root 
singularities when the matrix material is linear elastic. Moreover, in the case when the matrix is 
uniformely prestressed close to the condition of loss ellipticity, the shear band pattern at failure is 
strongly affected by the presence of a rigid line inclusion [3]-[4]. 

Based on the Green’s function for incremental nonlinear elasticity [1], boundary integral equations 
are formulated in the presence of a generic distribution of N rigid line inclusions. The numerical 
solution is obtained through boundary element technique with varying the inclusion distribution 
geometry. The distribution influence on the shear band pattern is discussed. 
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 This study deals with free, forced undamped vibration and the random, damped vibration 
of an inhomogeneous beam composed of two materials with significantly different elastic moduli 
and material densities. Exact solution is obtained for natural frequencies and the mode shapes 
using Krylov-Duncan functions, along with the comparison with the results furnished by the 
Galerkin’s method. Random vibrations of the bi-material beams are studied for the first time in the 
literature for the case of proportional damping. Novel element of this study consists in the 
unintuitive finding that the response of the bi-material beam may considerably exceed the 
responses of its homogeneous counterparts, composed of a single material. This finding appears 
of design significance, suggesting that the natural frequencies of the bi-material beam must be 
made so as to lie above the cutoff frequency of broad-band cut white noise. 
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The dynamic properties of periodic generalised two-phase quasicrystalline phononic rods [1] are 
studied through the method of the toroidal manifold. The method allows all stop and pass bands 
featuring the frequency spectrum to be represented in a compact form with a frequency dependent 
flow line on the surface describing their ordered sequence. The flow lines on the torus can be either 
closed or open: in the former case, (i) the frequency spectrum is periodic and the elementary cell 
corresponds to a canonical configuration [2], (ii) the stop-band density depends on the lengths of 
the two phases; in the latter, the flow lines cover the torus and the stop-band density is independent 
of those lengths. It is then shown how the proposed compact description of the spectrum can be 
exploited to optimise the layout of the elementary cell in order to maximise the low-frequency stop 
band. The scaling property of the frequency spectrum, that is a distinctive feature of 
quasicrystalline generated phononic media, is rigorously introduced. The obtained results 
represent both a key to a better understanding of the properties of classical two-phase composite 
waveguides and an important advancement towards the realisation of composite quasicrystalline 
metamaterials. 
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Wrinkling is a common phenomenon in nature and it can give rise to various surface patterns which 
have a wide range of applications in biomedical, functional coatings, and flexible electronic 
devices [1, 2]. Wrinkling of a homogeneous elastic half-space coated by a homogeneous layer is 
one of the simplest prototypical problems that has been much studied in recent decades [3, 4]. With 
a view to uncovering novel patterns, Feng et al. [5] recently considered pattern formation on a 
hardened skin layer with a periodic stiffness distribution on a soft material. A variety of surface 
patterns were numerically simulated and confirmed experimentally. Limited analysis was also 
given in order to explain the mechanisms of pattern formation. 

Our current study aims to provide a more comprehensive analysis of pattern formation on an elastic 
half-space coated by a periodic hard layer than in [5]. Our ultimate goal is to model both the layer 
and half-space using the exact theory of nonlinear elasticity, but as a first step, we consider the 
reduced model of an Euler beam with periodic material properties supported by a Winkler 
foundation. We use Floquet theory and transfer matrix method to derive the bifurcation condition, 
and analyse a number of asymptotic limits. Our asymptotic results are then compared with the 
experimental and numerical simulation results in [5]. 
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It is known that depending on geometrical and mechanical parameters of a plate and cylindrical 

panel, a complex distribution picture of natural frequencies arises in plate and cylindrical panel 

with free edge [1]. With growing number of free edges of a cylindrical panel, this picture becomes 

increasingly complex [2]. Therefore, investigations into the edge resonance of composed 

cylindrical panels with free edges are among the most challenging problems in the theory of 

vibrations of plates and shells [1], [2], [3]. 

Using a system of equations corresponding to the classical theory of orthotropic cylindrical shells, 

free vibrations of thin elastic cylindrical panel, composed of two orthotropic cylindrical panels 

with different elastic properties, with full contact along the generatrices and with free edges are 

investigated. In order to calculate the natural frequencies and to identify the respective natural 

modes, the generalized Kantorovich-Vlasov method of reduction to ordinary differential equations 

is used. Dispersion equations for finding the natural frequencies of possible types of interfacial 

and boundary vibrations are derived.  An asymptotic relation between the dispersion equations of 

the problem at hand and the analogous problem for a rectangular plate is established. An algorithm 

for separating possible interfacial and boundary vibrations is presented. As an example, the values 

of dimensionless characteristics of natural frequencies are derived for a composed cylindrical 

panel. 
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Waves travelling in random media with correlated disorder show the formation of branches or 
channels, which leads to emergence of random focusing events [1]. The phenomenon has been 
observed previously for non-dispersive waves in other physical contexts at many different length 
scales: from visible light [2] to tsunami waves [3]. Here we present the emergence of branched 
flow of dispersive flexural waves in elastic plates governed by the biharmonic equation. 
Simulations are carried out using finite element analysis and an analytical expression for the 
expected location of first caustic is obtained. Flow patterns connecting the locations of high 
amplitude are observed. The expected location of the first focusing event has an elegant scaling 
with respect to correlation length and the severity of randomness. This expected location is also 
independent of wavelength. The scaling relations derived here analytically for bending waves in 
elastic plates are consistent with our numerical simulations. 

 

 

 

 

 

Figure 1: Ray simulations of waves supported by random elastic plates. Emergence of branching and random focusing can be seen. 
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In recent years, various high-contrast elliptic PDEs have been proposed to model non-trivial 
physical phenomena in composite materials. One class of such PDE takes the form 

      (1) 

where the coefficients are  -periodic and may degenerate as   tends to zero (e.g. ellipticity or 
boundedness is lost in the limit). The interest in studying degenerate models largely lies in the fact 
that the effective equations (e.g. the (two-scale) homogenised equations) for (1) possess ‘novel’ 
properties; i.e. properties that are not present in the homogenised equations for the (classical) non-
degenerate setting. Such properties have been shown in various specific settings to be practically 
desirable. 

This leads to a natural and, until now, largely open question of whether or not the original equations 
(1) possess the same desirable properties (as their limits) for finite      (rather than just when      tends 
to zero); or to put this question another way: can one establish a leading-order approximation, with 
respect to    , for      with error estimates uniform with respect to      (in various norms). 

We study asymptotics of solutions to a family of degenerating variational problems that appear in 
the context of deriving effective equations for highly oscillatory degenerating linear PDE systems:  

 

            (2) 

 

where               is compact,     a complex Hilbert space,    a bounded linear functional on             and 
|    are non-negative bounded sesquilinear forms such that             form a family of uniformly 
equivalent inner products on    ,  and          is  Lipschitz-continuous  in      . 

The formulation includes: partial high-contrast elliptic systems, i.e. (1) with                                    | 
where               is positive and bounded (this model generalises the classical and doubleporosity 
model); (2) also includes Schrodinger’s equation with a strong periodic magnetic field; 
differential-difference equations; homogenisation problems on periodic quantum graphs and their 
generalisations; problems in thin domains; problems with concentrated masses; and some higher 
order differential and pseudo-differential operators also fall into the framework (2). 

A hierarchy of approximation results with error estimates is established under various assumptions, 
on the basic characteristics of the variational problems, observed in practical examples. 
Applications to spectral problems are considered and we provide approximations of the spectrum 
in terms of the spectrum of some effective ‘bivariate’ operator which generalises the two-scale 
homogenised operator found via two-scale convergence methods for highly oscillatory PDE. Our 
approach starts as the well-established spectral method, of classical homogenisation, but the 
techniques we develop do not rely on analytic perturbation theory and this allows us to readily 
consider a much wider class of degenerating problems including high-contrast homogenisation 
problems. 
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 Slowly decaying boundary layers (with typical length scale much greater that the thickness) are 

a key feature of static behavior of high-contrast thin layered structures, see e.g. [1]. In parallel, 

extra low-frequency vibration modes are also observed in associated dynamic problems [2]. This 

subject finds various engineering applications, in particular, for photovoltaic panels and laminated 

glass [3, 4].   

 This talk is aimed at capturing both of the above mentioned features within a single long-wave 

low-frequency approximate setup. As an example, an anti-plane shear of a semi-infinite, 

asymmetric sandwich is considered [5]. First, it is shown that the exact dispersion relation allows 

a two-mode polynomial approximation, governing both the fundamental mode and the slowly 

varying evanescent mode transforming to the first harmonic. Then, the corresponding one-

dimensional equations of motion are derived along with the asymptotic boundary conditions based 

on a nontrivial generalization of the classical Saint-Venant’s principle. 
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In this talk, I will consider a prototype large-coupling transmission problem, posed on a bounded 
domain, containing a “low-index” inclusion located at a positive distance to the boundary. 
Mathematically, this is modelled by a “weighted” Laplacian               where                 (the weight 
on  the  containing  domain)  and                 (the weight on the inclusion)  is  assumed  to  be  large,     
T             This is supplemented by the Neumann boundary condition on the outer boundary and 
“natural” continuity conditions on the interface (i.e., the inclusion boundary). A formal asymptotic 
argument suggests that eigenvalues of this operator should converge  (as                    ) to those of 
the so-called “electrostatic problem” discussed in [2] and references therein (although the existing 
results do not quite yield spectral convergence). The operator-theoretic approach we use in [1], 
based on our analysis of critical-contrast periodic composites as presented in [3], allows one to 
improve these results in two respects: a)our estimates are of the operator-norm resolvent type, 
implying, in particular, the uniform convergence of the associated spectra in any compact set of 
ℂ; b) our estimates are uniform with respect to the “contrast” parameter a and are order-sharp, i.e. 
the rate of convergence in terms of            cannot be improved further. Next, I will discuss the 
high-frequency regimes, where it proves insufficient to consider the main order term of the 
resolvent asymptotics only. Physically, these are related to the transitional regimes from 
frequencies characteristic of Rayleigh scattering (i.e., where the wavelength in the inclusion is 
much larger than its size) to the ones of Mie scattering (where this wavelength is comparable to 
the size of the inclusion). Here I will argue that an effective model akin to that of a zero-range 
perturbation with internal structure (introduced in 1980s by Boris Pavlov) takes place of the 
effective model of [1]. 
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 Attenuation of acoustic waves propagating in composite rods consisting of alternating 
materials with contrast acoustic impedances is studied by the FEA. The research is aimed at 
developing the vibration and seismic isolating systems capable of substantially decreasing 
vibration magnitudes but preserving mechanical energy; the need in devices with such a capability 
ranges from applications in micro- and nanoelectronics to the seismic isolation of the critically 
important structures, where no heat generation at the energy dissipation is allowed. 

 The research is based on the acoustic reflection-refraction analysis at the interfaces between 
acoustically contrast materials in a contact. All the rod waves are assumed to have normal 
incidence at the corresponding interfaces. The analysis rests upon the Knott – Zoeppritz equations 
[1, 2] for the reflection/refraction coefficients: 

   2 1 1

1 2 1 2

2
,r t

Z Z Z
k k

Z Z Z Z


 

 
, 

where ,r tk k  are respectively coefficients of reflection and transmission (refraction); 1 2,Z Z  are the 
corresponding acoustic impedances; the first medium is associated with the incident wave and the 
second one with the refracted wave. For the considered acoustic waves the impedances take the 
form [1] , 1,2k k kZ c k   , herein, kc  is the rod wave velocity, and k  is the material density. 

 The analysis reveals (i) ability to substantially decrease acceleration, velocity and 
displacement magnitudes of the propagating wave comparing with the homogeneous rod by 
multiple reflection/refraction at the interfaces; (ii) preserving mechanical energy by eliminating 
the inelastic effects, and thus, avoiding the heat production at the wave propagation; (iii) achieving 
any desired acceleration, velocity and displacement magnitude reduction ratio by placing the 
adequate number of the acoustic interfaces. 
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 The overall thermal properties of media containing insulating cylindrical inhomogeneities has 

been addressed recently in [1] making reference to a 2D layout. There, the cross section of the 

fibers is formed by two intersecting circles to simulate a variety of nonconductive fibers (e.g. 

electrospinned polystyrene fibers). On the other hand, intersecting circles is a relevant layout to 

assess the physical properties of a variety of porous materials (e.g. Gasar metals) during the 

processes of pore coalescence and growth. 

 In this work we extend the analysis addressed in [1] to a 3D framework by considering the 

effect of insulating inhomogeneities having the shape of intersecting spheres. The analysis aims at 

assessing the second-order resistivity contribution tensor R  

      
*( ) ,

V
T

V
   R q         (1) 

which provides the corrective temperature gradient induced by the volume V* of the 
inhomogeneity over the reference volume V of the background material subjected the a remotely 
applied heat flux q. Owing to the geometric setting, reference is made to toroidal coordinates and 
Mehler–Fock transforms are used to represents the perturbation temperature field due to the 
inhomogeneity [2]. As remarked in [3] for coalescing spheres having the same diameter, the 
components of tensor R display a non-monotonic trend varying the distance between their centers. 
In particular, unlike what is observed for spheroids, the stationary values of the components of 
tensor R occur when spherical pores are slightly intersecting. 
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 Phononic crystals (PCs) have attracted intensive research interests from investigators in 
different disciplines including physics, mechanics, materials, devices, etc. for almost 30 years.  
The particular band structures in PCs make them perfect candidates for many novel and useful 
acoustic devices.  In this paper, two-dimensional soft porous periodic structures inserted with 
patterned hard inclusions are considered. The finite element method is employed to study the 
effects of those rigid inclusions on the deformation, the buckling mode, the post-buckling 
deformation, and the band structure in the soft PCs subject to a large deformation. It is found that 
both the number and the distributive pattern of the inclusions play a significant role in affecting 
the bandgap characteristics. A new method approach to tuning the bandgaps is thus proposed by 
adjusting the filling pattern of the inclusions along with dramatically deforming the structures. 
Compared with the soft PCs without inclusions, the sensitivity of the post-buckling deformation 
to the initial geometric imperfections is also significantly reduced for the soft PCs with inclusions. 
Therefore, the post-buckling deformation could develop robustly, and the bandgaps can be tuned 
in a versatile and reversible way. Experiments are also conducted to confirm the simulation results. 
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On elastic lattices, flexural waves and torsional waves are often studied independently. In this talk, 

the coupling of flexural and torsional motion for out-of-plane waves in a 2D square lattice of beams 

will be discussed. It will be shown that altering the magnitude of the rotational inertia at the lattice 

junctions, and the magnitude of the torsional stiffness in the beams allows significant control over 

the dispersion properties of the lattice. The Green’s function is derived analytically and evaluated 

numerically; the analysis is supported by an independent finite element model. Examples of 

evanescent and propagative wave modes will be discussed and it will be shown how applied forces, 

applied moments, and combinations thereof can be used to induce dynamic anisotropy, including 

asymmetric anisotropy. This work has applications in many areas where the control of wave 

propagation through elastic structures is of interest, including energy harvesting, energy 

dissipation and metamaterial design. 
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Two-dimensional elastic and conductivity problems for regular and random composites with non-

overlapping circular inclusions are solved by functional equations associated to Schwarz’s 

alternating method. The wrong opinion about these problems that ”complete solutions are virtually 

impossible” dominates in literature. The first exact formula for the effective conductivity of square 

array of holes was derived in 1998. This approach was outlined in the books [1, 2] where analytical 

approximate formulas for the effective constants were summarized for random composites. The 

method is based on the exact solution to the Riemann-Hilbert and R-linear problems for a circular 

multiply-connected domain. It should be stressed that exact solution means exact formula, when 

the desired effective constants are written in the left side and the input data, centers and radii of 

inclusions, the constants of components are explicitly presented in the right side [3]. Such a 

deterministic (exact or approximate) formula yields the result for a given set of parameters in 

symbolic form. The passage to random composites is based on the direct computation of the 

mathematical expectation over a class of random composites. The obtained results diverge with 

some previous approximations (self-consistent approaches) where conditionally divergent series 

and sums were used without proper analysis. The special attention is paid to high contrast 

composites when the percolation effects may occur. In this case, the obtained formulas are 

renormalized to extract the corresponding singularities. 
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 We discuss a formal asymptotic approach used to analyse vibrations supported by finite 
elastic membranes containing clusters of small inertial inclusions [1]. The procedure developed 
utilises the method of mesoscale approximations [2] and is shown to provide accurate predictions 
for low-frequency eigenvalues and the associated eigenmodes of such composites. In particular, 
we show the eigenvalues can be traced from the degeneracies of a homogeneous linear algebraic 
system that contains information about the inertial cluster's properties. This linear system arises 
naturally in approximating the eigenmodes of the membrane and is essential in ensuring the 
approximations satisfy the governing equations to a high order of accuracy. Numerical illustrations 
are also provided that demonstrate the efficiency of the asymptotic approach. 

 

Acknowledgments 

V.G.M. acknowledges that this publication has been prepared with the support of the RUDN University 
Program 5-100". A.B.M would like to thank the EPSRC (UK) for its support through the Programme Grant 
no. EP/L024926/1. M.J.N gratefully acknowledges the support of the EU H2020 grant MSCA-IF-2016-
747334-CAT-FFLAP. 

 

References 

[1] Maz’ya, V., Movchan, A.B., Nieves, M.J.: On meso-scale approximations for vibrations of membranes with 

lower-dimensional clusters of inertial inclusions, Algebra i Analiz, no. 3, 219-237 (2020). 

[2] Maz’ya, V., Movchan, A., Nieves, M.: Green’s Kernels and Meso-scale Approximations in Perforated Domains, 

Lecture Notes in Math. 2077, Springer (2013). 

 



31/45 

Dispersive elactic waves in high-contrast layered structures studied by FEM 

analysis 

 

Anatolij Nikonov1, Barbara Zupančič2,3 

1Faculty of Industrial Engineering Novo mesto, Slovenia 

E-mail: anatolij.nikonov@fini-unm.si 

2University of Novo mesto Faculty of Mechanical Engineering, Slovenia 

3National Institute of Chemistry, Slovenia 

E-mail: barbara.zupancic@guest.arnes.si 

Keywords: Layered composites, high-contrast properties, elastic waves, Rayleigh-Lamb dispersion, cut-off 

frequency, modal FEM analysis. 

 

In the last decades, multi-layered plates have been extensively studied due to the significant 
increase in applications of high-tech composite structures in various industries such as civil 
engineering, modern aerospace and automotive. In specific applications, sandwich-like structures 
may exhibit high contrast of geometrical and physical properties of layers. This poses a great 
challenge for the adequate analysis of the dynamic response, and motivate the development of an 
appropriate methodology for the accurate interpretation of the vibration spectra. 

The dynamic behavior of multi-layered plate-like structure is characterized by Lamb waves, 
guided by free upper and lower surfaces, and taking into account reflection and refraction between 
the layers and scattering at the upper and lower traction-free planes. A new asymptotic approach 
for deriving dispersion equations in a relatively simple form has been developed by Kaplunov et 
al. [1], and the corresponding comprehensive dynamic analysis for strongly inhomogeneous three-
layered plate has been performed as well. Such approach, based on the guided waves propagation, 
provides a strong analytical background which may assist in the optimal structural design, as well 
as development of the damage detection strategies. 

In our research, we present an engineering numerical methodology to study the Lamb waves in a 
thin, high-contrast three-layer composite plate with contrast properties of the layers using the 
commercial finite element method (FEM) software. The fundamental antisymmetric mode A0, 
which carries most of the energy and dominates over the symmetric one, and the first harmonic 
antisymmetric mode A1, which determines cut-off frequency, are analyzed. The obtained results 
are compared with the iterative numerical solution of the Rayleigh-Lamb dispersion equation for 
the corresponding modes. It is shown that the complexity of the dispersion phenomena in the multi-
layered plates can be resolved accurately by post-processing the FEM modal analysis results. The 
advantage of the proposed methodology consists in the convenience and availability of its 
application in wide engineering practice. 
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Several beam and plate models have been recently developed in the literature to accommodate for 
size-dependence. These are usually obtained starting from a generalized continuum theory (such 
as the couple-stress, strain-gradient or non-local theory or their modifications) and then deducing 
the governing equations through Hamilton’s principle and ingenuous kinematical assumptions. 
This approach, originated by Kirchhoff, usually fails to reproduce the dispersion features of the 
equivalent 3D theory. Besides, it produces a variety of models, in dependence of the different 
assumptions, such as Kirchhoff’s or Mindlin’s. In contrast, in this talk we proceed by asymptotic 
reduction: moving from the couple-stress linear theory of elasticity with micro-inertia, we deduce 
new models for elongation and flexural deformation of microstructured plates. We show that 
microstructure especially affects inertia terms, which can be hardly captured by a-priori 
kinematical assumptions. 
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The present paper deals with heat conduction in one-dimensional thermal lattices, accounting for 
some short range and long range thermal interactions. We firstly derive exact solution for the 
evolution problem of a two-neighbour interaction Fourier lattice. An exact solution based on the 
method of separation of variables and the use of trigonometric series, for given initial and boundary 
conditions, is obtained. The solution is then compared to the classical continuous Fourier solution 
and to a continuous nonlocal solution corrected by some length scale effects. The nonlocal solution 
is a differential nonlocal Fourier heat model. The length scale parameter for this model is calibrated 
by applying a continualization method to the mixed difference differential thermal lattice 
equations. An error analysis is performed in order to verify the efficiency of the local and nonlocal 
approximations. Finally, we investigate the behaviour of the general p-order thermal lattice (which 
accounts for the p-order neighbouring), both in the discrete and in its continuous nonlocal 
approximations. The length scale of this discrete diffusion problem is calibrated, whatever the 
nature of the short range or long range thermal interactions. 
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High contrast asymptotic analysis is a tool to study contact problems for materials with strongly 
different physical constants, such as stiffness or conductivity ([1-5], [7-12]). The talk presents 
applications of this method to the non-stationary fluid-structure interaction problems, where the 
parameter of high contrast is the ratio of the product of the stiffness of elastic material by the 
characteristic time of the process to the dynamic viscosity. The fluid-structure interaction in the 
case of comparable properties of the fluid and elastic material was considered in [6]. We consider 
the case when the elastic part is thin (with respect to its length) while the fluid part is described by 
the non-stationary Stokes equations and can be thick or thin [7], [9-11]. 
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Recent progress in the field of metamaterials science has led to a range of novel composites which 
display unusual properties when interacting with electromagnetic, acoustic, and elastic waves. 
Metaconcrete is a new structural metamaterial with enhanced wave attenuation properties for 
dynamic loading applications. In this new composite material the standard stone and gravel 
aggregates of regular concrete are replaced with spherical engineered inclusions. Each 
metaconcrete aggregate has a layered structure, consisting of a heavy core and a thin compliant 
outer coating. This structure allows for resonance at or near the eigenfrequencies of the inclusions, 
and the aggregates can be tuned so that resonant oscillations will be activated by particular 
frequencies of an applied dynamic loading. The activation of resonance within the aggregates 
causes the overall system to exhibit negative effective mass, which leads to attenuation of the 
applied wave motion. 

The first numerical investigations, considering a finite element slab model containing a periodic 
array of aggregates, confirmed the expected attenuation behavior of metaconcrete under a variety 
of different loading conditions. The various analyses discussed in our works provide the theoretical 
and numerical background necessary for the informed design and improvement of metaconcrete 
aggregates for dynamic loading applications, such as blast shielding, impact protection, and 
seismic mitigation. Subsequent works involved the preparation of several samples of metaconcrete 
with different shapes, inclusions, and sizes. Every experimental study contributed to elucidate 
different aspects and peculiarities of metaconcrete. 

The work has been developed in collaboration with Stephanie J. Mitchell (Caltech), Michael Ortiz 
(Caltech), and Deborah Briccola (Polimi), and the enthusiastic support of MS and PhD students. 
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Nematic liquid crystals are an intermediate phase of matter between crystalline solid and isotropic 
liquid states, whose molecules closely resemble rods [2]. A nematic shell is a thin film of nematic 
liquid crystal coating a curved substrate, which is a modelled as a smooth two-dimensional 
manifold which is embedded into three-dimensions [4]. Liquid crystals can also possess defects in 
their patterns, localised discontinuities which can occur as either isolated points or as lines [5]. A 
natural way to model the preferred direction of orientation would be a vector field with a 
corresponding energy functional, in the same manner to the one-constant Oseen-Frank model [3]. 

In this model the presence of defects results in a divergence of the energy density, thus we 
regularise by excluding small regions about each of the defects. There are topological laws that 
vector fields, and by extension our liquid crystal, must obey such as the Poincaré–Hopf theorem 
[1]; however, this theorem is only applicable to closed manifolds.  

I shall present a generalisation of the Poincaré–Hopf theorem, which accounts for manifolds with 
boundaries and boundary defects. Then I shall utilise the divergence of the energy density to 
heuristically predict the defect strengths given only the geometrical parameters. 
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We study the stress concentration factor due to circular hole in a nonlinearly elastic plate reinforced 
by two families of fibers. We restrict our attention to the class of materials wherein the fibers are 
mechanically equivalent, rendering the body orthotropically symmetric with respect to the planes 
whose normals are along the angular bisectors of the angles between the fibers. We study the 
problem of equibiaxial, uniaxial and pure shear deformations of the body whose fibers are 
symmetrically oriented with respect to the Cartesian coordinate axes. These deformations indicate 
strong influence of the fiber angle on the stress concentration factor. 
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The elastic instability phenomenon plays an important role in pattern formations in soft biological 
systems. The phenomenon also has been actively used to design new (meta-) materials with 
switchable microstructures, properties, and functions [1]. 

Here, we investigate the elastic instability phenomenon in soft heterogeneous materials. These 
deformable composites typically combine soft deformable matrix and stiffer phase (such as fibers 
or inclusions). Figure 1 shows the experimentally observed wavy patterns forming in (a) soft 3D 
printed laminates [2] and (b) 3D-fiber composites [3], (c) twining pattern in particulate composites 
[4], and (d) auxetic microstructure transformations in inclusion-matrix-void soft systems [5]. 

 

 

 

 

 

 

 

Figure 1. Instability-induced wavy patterns forming in (a) soft 3D printed laminates [2] and (b) 3D-fiber composites [3]; (c) twining 

pattern in particulate composites [4], and (d) auxetic microstructure transformations in inclusion-matrix-void soft systems [5]. 
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 Elastography is a medical imaging modality to produce elastograms i.e. maps of the elastic 
properties and stiffness of soft tissues. This is a quantitative version of the classical palpation 
practice to feel the stiffness of a patient's tissues by using hands. It is well known that, for example, 
cancerous tumors will often be harder than the surrounding tissue. 

The actual methods of elastographic investigation are based on linear wave propagation. It is 
therefore interesting to explore if it is possible to improve this technique using nonlinear wave 
propagation. To this end we first explain why nonlinear elasticity may improve the elastograms 
and then we investigate which mathematical methods may be used to exploit the propagation of 
nonlinear waves. 
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Composite materials have become an important research field in various fields of civil and 
mechanical engineering with the latest technological developments. Sandwich structures, 
laminated glass beams and plates, smart periodic structures and photovoltaic panels may be given 
as examples for composite structures used in various branches of engineering. We also mention 
the multiparametric asymptotic approach for strongly inhomogeneous structures i.e. rods, plates, 
beams, etc., which have been actively studied in recent years. 

In this work, the effects of end conditions on the lowest vibration modes of strongly 
inhomogeneous beams are analyzed. An asymptotic procedure based on a small parameter arising 
from the high contrast between the components of the beamis employed to obtain eigenfrequencies 
and eigenforms of the considered problems. The proposed model is employed for two and three-
component composite beams with different end conditions. According to the obtained results, the 
effects of the end conditions are reviewed. Finally, comparisons of exact and approximate solutions 
are presented, demonstrating the validity of the proposed approach. 
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 We outline a Cosserat model for fibre-reinforced solids in which the fibers are modelled as 
continuously distributed spatial Kirchhoff rods with intrinsic flexural, torsional and extensional 
elasticity. The basic kinematical variables are a deformation field and a rotation field that describes 
the local fibre orientation. Constraints on these fields are introduced to account for the materiality 
of the fibers with respect to the underlying continuum deformation, with the associated Lagrange 
multipliers interpreted as transverse shear tractions acting on the fiber cross sections. The theory 
is illustrated via simple examples involving finite deformation. 

 

 

Acknowledgments 

We gratefully acknowledge funding from the US National Science Foundation, grant number CMMI-
1931064. 

 

References 

[1] Steigmann, D.J., "Theory of elastic solids with fibres resistant to extension, flexure and twist", Int. J. Non-linear 

Mech.. 47, 734-742 (2012). 

[2] Shirani, M., Steigmann, D.J., "A Cosserat model of elastic solids reinforced by a family of curved and twisted 

fibres", Symmetry, 12, 1133 (2020). 

 
 



42/45 

Understanding the strength of bioinspired composites 

 
Viacheslav Slesarenko1, Konstantin Volokh2, Jacob Aboudi3, Stephan Rudykh4 

1Cluster of Excellence livMatS @ FIT, University of Freiburg, Germany 

E-mail: viacheslav.slesarenko@livmats.uni-freiburg.de 

2Faculty of Civil and Environmental Engineering, Technion, Israel 

E-mail: cvolokh@technion.ac.il 

3School of Mechanical Engineering, Tel Aviv University, Israel 

E-mail: aboudi@eng.tau.ac.il 

4Department of Mechanical Engineering, University of Wisconsin-Madison, USA 

E-mail: rudykh@wisc.edu 

 
Keywords:  Strength, bioinspired, composite. 
 

 Remarkable mechanical properties of biocomposites (bone, teeth, shell, antler etc.) are 
usually attributed to their special design where staggered mineral platelets are embedded in a 
protein matrix. Because of the high aspect ratio of the platelet, the soft protein deforms in the shear 
mode predominantly providing the linkage for the hard inclusions. Mimicking Nature one might 
design materials with a similar architecture. 

 By employing a micromechanical analysis, we study in the present work the strength of a 
bio-inspired composite in which hard platelets are embedded in a soft matrix made of the 
vulcanized natural rubber. We perform simulations of uniaxial tension of the composite material 
based on a continuum mechanics formulation and the high-fidelity generalized method of cells. 
The use of the energy limiters in the constitutive model for rubber at finite strains allows us to 
model failure and arrive at the overall strength of the composite. 

 We find that the overall strength of the composite depends on the deformation and failure 
of soft matrix in tension and shear. Moreover, we find that the strength of the composite cannot 
exceed the strength of the matrix. The latter observation is noteworthy because it is qualitatively 
different from the previous experimental results with biocomposites which show a dramatic (ten 
times) increase of the strength of the material as compared to the strengths of its constituents. We 
illustrate these analytical and numerical findings by our experiments on 3D printed composite 
materials [1]. 

 

Acknowledgments 

KV and JA acknowledge the support from the Israel Science Foundation, ISF-198/15. SR acknowledges 
the support from the Israel Science Foundation through the projects 1550/15 and 1973/15. SR gratefully 
acknowledges the support of Taub Foundation through the Horev Fellowship – Leaders in Science and 
Technology. VS acknowledges the support by the Deutsche Forschungsgemeinschaft (DFG, German 
Research Foundation) under Germany’s Excellence Strategy – EXC-2193/1 – 390951807. 

 

References 

[1] Slesarenko, V., Volokh, K.Y., Aboudi, J., Rudykh, S., "Understanding the strength of bioinspired soft 

composites", Int. J. Mech. Sci., 131-132, 171-178 (2017) 

 

mailto:viacheslav.slesarenko@livmats.uni-freiburg.de
mailto:cvolokh@technion.ac.il
mailto:aboudi@eng.tau.ac.il
mailto:rudykh@wisc.edu


43/45 

High-contrast dynamic homogenisation of periodic micro-resonances with 

random properties 

Valery Smyshlyaev1 

1Department of Mathematics, University College London, UK. 

E-mail: v.smyshlyaev@ucl.ac.uk 

Keywords: High-contrast homogenisation, random micro-resonances, localisation. 

 

Macroscopic dynamic properties of composite materials containing “micro-resonant” inclusions 
can be very different from those of conventional materials. Mathematically this leads to studying 
homogenisation of problems with a “critically” scaled high contrast, where the resulting two-scale 
asymptotic behaviour appears to display a number of interesting effects. For a background and 
twoscale analysis of general “partially-degenerating” periodic high-contrast PDE problems see [1], 
and for a recent application to high-contrast periodic Timoshenko elastic beam lattice materials 
displaying band gap-type effects see [2]. Here we discuss situations where the high-contrast 
inclusions display certain randomness. In simplest cases of a periodic geometry but random 
coefficients in the spherical inclusions, the resulting two-scale limit behaviour appears to be rather 
explicit and the macroscopic equations display a wave localisation i.e. a kind of trapping by the 
micro-resonances due to their randomness. 
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 We consider wave propagation in a compound shell, which consists of periodically 
alternating stiff curved and compliant straight elements with the same inner diameter. The shell is 
exposed to heavy internal loading by a compressible fluid. Our aim is to design such a ‘snake-
shape’ insert as a filter to suppress low-frequency pressure pulsations in a fluid. 

   The classical periodicity stop-band effect enhanced by the high contrast between waveguide 
properties of a pre-stressed membrane cylindrical shell and a stiff metallic curved shell is studied 
using a hierarchy of analytical reduced-order models for each constituent, including classical 
elastic fluid-filled shell, acoustic duct, Korteveg membrane shell and spin-off models. 

   To identify location of pass- and stop-bands, we perform the modal analysis of free vibrations of 
a unit symmetric periodicity cell with boundary conditions set up in accordance with the bi-
orthogonality relations for constituents of a periodic shell. As has been shown in [1-2], 
conventional Floquet modelling of wave propagation in an infinite periodic waveguide predicts 
boundaries between pass- and stop-bands, which coincide with the eigenfrequencies of the 
periodicity cell with these boundary conditions. The attention is focused at sensitivities of location 
and widths of stop-bands to pre-stress and length of membrane segments.   

   Then we calculate Insertion Losses introduced by this ‘snake-shape’ insert, which consists of a 
small number of periodicity cells, and compare attenuation levels inside and outside stop-bands 
for varying number of cells. The next step in this on-going research project concerns experimental 
work, and now the laboratory setup is under reconstruction and modernization. We hope to obtain 
experimental data for verification of our theoretical and numerical predictions by the time 
Colloquium commences. 
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This work deals with the application of the two-scale asymptotic homogenization method (AHM) 
to three-dimensional heterogeneous micropolar (Cosserat) media with periodic structure. 
Micropolar elasticity is a generalization of the classic theory of elasticity which incorporates three 
degrees of freedom (DoF) to describe the local reorientation of the microstructure (microrotations) 
and three ones related to the displacement at the macroscale. The AHM is based on the 
consideration of two length scales associated to the microscopic and macroscopic phenomena. The 
AHM scheme for a 3D heterogeneous micropolar material starts from the statement of the problem 
based on the microscopic-macroscopic description. Thus, the corresponding local problems, the 
homogenized problem and the effective coefficients are obtained through asymptotic expansions 
for displacements and microrotations. 

In particular, micropolar bi-laminated composites which satisfied the centro-symmetric postulate 
are studied. Two cases are considered: a) a bi-laminated composite where each layer has cubic 
symmetry and b) a bi-laminated composite with isotropic constituents. In both cases, the 
corresponding local problems are solved and the analytical expressions of the effective properties 
are reported. Numerical values of the stiffness, torque, Poisson’s ratio, Young’s modulus, twist 
Poisson’s ratio and torsional modulus are computed and presented for different volume fractions 
of the constituents. 
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